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The precession of macroinstability (MI) vortices in stirred vessels has been investi-
gated with vortex tracking methodologies, and utilized to enhance mixing performance.
The techniques used are presented and employed to determine the instantaneous and
average location, size and vorticity of the MI vortex for Re ¼ 3,200 and 32,000 in 80
and 294 mm dia. vessels stirred by a Rushton impeller. Measurements of mixing time
are performed in a 588 mm dia. vessel with surface insertion of a passive scalar tracer
either inside or outside the precessing MI vortex. The data indicate that in-vortex
insertion can result in a mixing time reduction of 20%, and even possibly 30%. � 2007
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Introduction

The occurrence of vortical flows in many engineering appara-
tuses presents opportunities, as well as challenges for the design
of processes involving mixing of different fluids. The dissipative
nature of vortical flows makes them prime candidates to be uti-
lized to enhance mixing in stirred processes. On the other hand,
if such flows are not taken into account in the design of a mixing
process, not only the energy expended in their generation is not
utilized, but also the mixing characteristics may be undesirably
different to those intended by the designer.

The two main vortical structures encountered in stirred vessels
are the trailing vortices emanating from the turbine blades,1,2,3,4,5

and the precessing and other kinds of macroinstabilites.6,7 The
former are relatively well studied and are known to be responsi-
ble for the dissipation of a substantial proportion of the energy
input to a stirred vessel.8,9 The characterization of MIs has
received much attention in recent years, for example,10,11,12 but
their effect on mixing effectiveness has not been studied so far.

Although mixing processes that encompass chemical reactions
involve primarily molecular level processes that clearly are influ-
enced in a direct manner only by mixing at such a level (micro-
mixing), the development of such processes is nevertheless indi-

rectly affected by mixing at the larger scales (macromixing), for
instance by transporting reactants through parts of a stirred reac-
tor, where the turbulence characteristics and/or chemical compo-
sition may vary substantially. In particular, low-frequency high-
amplitude oscillatory motions in regions of low-turbulence in
stirred vessels, such as MIs, have the potential of transporting
substances fed to a mixing process over long distances.13

Macroinstabilities (MIs) involve flow motions that can be
instigated by different flow properties and various types of MIs
are encountered in fluid flows. An example of a macroinstability
is that in a convectively unstable system: for certain temperature
gradients internal gravity waves can grow to large amplitude and
cause a large-scale convection of the fluid, which tends to reduce
the temperature gradient. Other examples are the Rayleigh-Jeans
instability, in which a denser fluid is supported by a less dense
fluid, and the Kelvin-Helmholtz instability, in which one fluid
flows over another, such as wind over water, causing surface
waves to grow. Another example in rotating (swirling) flows is
the precessing vortex core (PVC). Such MIs can be utilized for
the improvement of performance of many technological devices,
for example, in swirl combustion chambers. In swirling flow
fields with a PVC the unsteadiness due to the MI can account for
up to 70% of the total energy of the ensemble-averaged velocity
fluctuations.14

In vessels stirred by Rushton impellers a similar precessional-
type of MI has been identified,6 and found to move around the shaft
axis with a nondimensional frequency f 0 ¼ f/N ¼ 0.106 for 400 ¶
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Re ¶ 6,300, and f 0 ¼ 0.02 for 13,600 ¶ Re ¶ 54,000, while for
6,300¶ Re¶ 13,600 both frequencies were present in the flow.15

Related phenomena in relatively simple flow geometries such
as cylindrical rotor-stator cavities have been widely studied and
exhibit similarities with MIs in stirred vessels; for example, it has
been reported that at low Re the flow undergoes a transient before
attaining a purely periodic behavior of low nondimensional fre-
quency f 0 ¼ 0.113,16 that is very similar to the 0.106 value previ-
ously reported for low Re flows in stirred tanks.15 Similarly, the
linear variation of the vortex frequency with flow rate in swirling
flows17 is akin to that observed in stirred vessels, where f varies
linearly with N.

The complexity of the three-dimensional (3-D) turbulent flows
in stirred vessels makes understanding of the MIs encountered a
most demanding task, calling for the use of complex techniques
not easily translated into an industrial environment. Recently,
however,12 demonstrated that the presence of the MI vortices
could be detected with a pressure transducer that offers a simple
and inexpensive means to locate the vortex passage through a
particular radius in the vessel. This development opened up
opportunities to utilize the vortex in mixing practice and pro-
vided motivation for the present work in which 2-D PIV, and
2-point LDA are employed to improve fundamental understand-
ing of the underlying physics of MI vortices. Through tracking of
the MI vortex, knowledge of the instantaneous and average vor-
tex size, location and vorticity has been obtained in this work.
Such information is used in turn to guide surface tracer insertion
into the vessel, and the effect of in vortex insertion on mixing
time, and, hence, on mixing performance is assessed. The data
reported below indicate clearly that a considerable reduction in
mixing time and hence energy input can be possible if tracer
insertion is synchronized with the vortex passage.

Flow Configuration and Experimental
Apparatus

This study was planned in three successive stages, with three
sets of experiments carried out to investigate different vortex
properties. In the first stage, the time-resolved and ensemble
averaged characteristics of the MI in the r � z plane were esti-
mated using a 2-D PIV. In the second stage, 2-point LDA experi-
ments were carried out to determine the inclination of the vortex
axis in the z � y plane. In the third stage the objective was to
assess the mixing efficiency of the tank when a passive scalar is
inserted in the core of the vortex. A sketch of the MI vortices
present above and below the impeller for a high Re regime is pro-
vided in Figure 1: they constitute two whirlpool-like vortices
extending from the impeller to the top/bottom of the vessel, and
precessing around the vessel axis.

In the first stage a 2-D PIV system was employed to assess the
precession of the MI vortex around the vessel axis for Re ¼
3,200 and Re ¼ 32,000. The mixing vessel dia. T ¼ 294 mm,
was equal to the vessel height, and had four equispaced baffles of
width T/10 and thickness T/100. The six-blade Rushton turbine
of dia. D ¼ T/3 was set to a height C ¼ T/2. This configuration
was selected to obtain well defined MI vortices of similar inten-
sity both above and below the impeller.6

A 13 kHz time-resolved Dantec camera was positioned under-
neath the rig and focused through a window present at the bottom
of the vessel on the horizontal laser sheet (that is, in the r � y
plane) alternatively located at z/T ¼ 0.15, 0.25, 0.35, 0.43 (where

z/T¼ 0 corresponds to the bottom of the vessel). To minimize sta-
tistical errors four sets of 1,021 frames were recorded for each
axial position investigated, with frame-rates of 40 Hz, and 70 Hz
for Re ¼ 3,200 and Re ¼ 32,000, respectively. The frame rates
were selected in order to obtain a complete precession of the MI
around the vessel axis in the time required to record a single set
(that is, 1,021 frames). Considering the large-scale structures to
be investigated, the interrogation area (32 � 32 pixels with 50%
cell overlapping) was relatively large with sides approximately
equal to 0.014 D. To record a complete precession of the MI
around the vessel axis, the center of the area investigated was
positioned approximately on the axis of the vessel, and its side
was comparable to the impeller dia. D. In this respect it should be
pointed out that the camera was fixed, and, therefore, the size of
the area investigated changed for different planes of focus, with
larger investigation areas for axial positions further away from the
camera (z/T¼ 0.43), and smaller for closer ones (z/T¼ 0.15).

A similar configuration but with a scaled down vessel and
impeller (T ¼ 80 mm) was used in the second stage, when 2-
point LDA experiments were carried out to estimate the variation
of the correlation coefficient Ryy, of the tangential velocity com-
ponent, Uy, for two points displaced by Dz. In this case the first
probe was kept at a fixed axial position z/T¼ 0.31, while the sec-
ond probe was alternatively moved along six axial positions both
below, z/T ¼ 0.312; 0.375; 0.437, and above, z/T ¼ 0.562; 0.625;
0.687, the impeller. The radial coordinate of the two probes was
r/T ¼ 0.08. Similarly to the first stage of study the LDA experi-
ments were carried out for Re¼ 32,000 and Re¼ 3,200.

A standard two-channel Dantec LDA was used with the two
probes arranged in the configuration already reported in,9,18

where 2-point LDA measurements were carried out to estimate
the dissipative length scales in a grid generated turbulent flow,
and in the impeller stream of a Rushton turbine, respectively. It
should be noted however that in the present study a high-spatial
resolution system was not required as in the aforementioned
works, since the MIs are large scale structures. Both probes oper-
ated in backscatter (that is, no side scatter mode as in 9, to reduce
the control volume size), with control volumes of size 0.03 �
0.03 � 0.24 mm3 and 0.05 � 0.05 � 0.3 mm3. The two probes
entered the vessel in the vertical (that is, r � z) plane midway

Figure 1. Top and bottom MI vortices for a high Re
range regime.

306 DOI 10.1002/aic Published on behalf of the AIChE February 2007 Vol. 53, No. 2 AIChE Journal



between two adjacent baffles, and a trough was used to minimize
the distortion due to the refraction at the cylindrical vessel wall.
The liquid surface was contained by a lid.

The third set of experiments aimed at investigating the varia-
tion of the mixing time y, when the insertion of a passive scalar
was made inside and outside of the MI vortex core. To facilitate
the manual tracer insertion in the vortex core, a reduction of the
precessional frequency of the MI vortex for a given Re was nec-
essary, and, therefore, a scaled up vessel with T ¼ 588 mm was
selected. The tank water height was set to H ¼ 440 mm (H/T ¼
0.75) for this experiment. This selection was necessitated by the
need to visualize the MI vortex clearly in order to proceed with
the insertion. Under this condition the presence of the vortex was
visualized by the air sucked in the vortex core. The rotational
speed of the impeller was N ¼ 70 rpm. Similarly to the previous
experimental stages the impeller clearance was kept at C ¼ 0.5 T,
but it has to be remarked that in this case the distance between
the free surface, and the impeller was smaller than the distance
between the impeller and the bottom of the vessel.

Similarly to the early work of19, and the more recent studies
of 20 and,21 a conductivity probe was used to record the variation
of local conductivity when a 7 mL solution of distilled water sat-
urated with potassium cloride (KCl) was inserted in the tank. The
solution was introduced by means of a syringe with an insertion
time of approximately 1 s. To reduce the momentum along the z
axis created by the syringe, a 908 bent tubing was attached at the
exit of the syringe as to have a horizontal insertion with respect
to the water-free surface. It should be noted that the present study
aimed at investigating the difference in mixing times when the
passive scalar was introduced inside or outside of the MI vortex,
and, therefore, calibration of the conductivity and the concentra-
tion was not necessary.

For all the experiments described the working fluid used was
water and in the first and second stages of the work 10 mm silver
coated hollow particles were used to seed the water. It should
also be remarked that although three different vessel sizes were
employed for the different experiments reported here, the vessels
were geometrically precisely scaled. It has been previously estab-
lished that, for single-phase flow, the mean flow and turbulence
quantities measured in vessels stirred by Rushton impellers scale
well when normalized with appropriate scaling factors such as
Vtip: Vtip

2: and so on, provided that scaling of all geometrical fea-
tures, including the blade thicknesses, is taken into account.22

showed that in a 294 mm vessel differences of scaled quantities
were only present when the Re was low, and the near-impeller
flow was not fully turbulent, while23 found near-identical nor-
malized values for turbulent flow for different vessel sizes.

Unless directly stated, in the remainder of this article a cylin-
drical coordinate system (r, y and z) with origin in the center of
the base of the vessel will be used. Details of the processing tech-
niques employed to analyse the different experimental data are
provided in the following section.

Results and Discussion

In the following sub-sections the three parts of the investigation,
that is, vortex tracking and identification, MI vortex axis, and mix-
ing time experiments are discussed in sequence. In brief, the ration-
ale for the selection of these three parts of the work was to identify
the vortex location and size, to establish the shape of the vortex
axis to see whether enhanced convection of tracer to the impeller

(intense mixing) region was likely, and to quantify any such
enhancement through mixing time measurements, respectively.

Vortex identification and tracking

In this section, only a brief description of the identification and
tracking methodology is provided, but an exhaustive review of
the related processing procedure can be found in24 where the
technique has been assessed against more conventional process-
ing approaches, such as spectral, autocorrelation and spatial cor-
relation analyses, that are commonly employed in literature to
identify periodicities in a flow. The processing procedure was
designed in two successive stages; the objective of the first stage
was to identify the vortex core and its characteristics in each sin-
gle frame, while the second stage was developed to track the
path of the vortex center through different frames (instances).

The first stage comprised applying the l2 technique proposed
by25, who compared different methodologies to identify a vortex
core (see also26). It should be noted that l2 is the second highest
eigenvalue of the S2 þ O2 tensor, (where Sij and Oij are the nor-

mal/shear strains Sij ¼ 1
2

qUi

qxj
þ qUj

qxi

� �
, and the rotation of the fluid

particle Oij¼ 1
2
qUi

qxj
�qUj

qxi

� �
, respectively) and, under the assump-

tions of (1) negligible unsteady strains of the fluid particle; and
(2) negligible viscous effects; it is equal to the second deriva-
tive of the pressure in the corresponding eigenvector direction
(that is, �r�1q2p/qx2

*2). As shown by25 a negative value of l2
(and, therefore, also of l3 which is the lowest eigenvalue)
implies that a vortex core associated to a low-pressure zone is
present in a generic plane oriented normally to the direction of
the first eigenvector (that is, the one corresponding to l1).

The vortex border was identified by a combined set of condi-
tions 24 made both on the level and sign of the average vorticity
on the border, as well as on the value of l2. Once the border of
the vortex was determined, the center coordinates (Cxi) were cal-
culated using the vorticity weighted average proposed by27. The
velocity vector and vorticity contour plot of a generic frame is
shown in Figure 2. In this case it is possible to see how the

Figure 2. xz/N contour plot and velocity vector plot for
the z/T 5 0.25 horizontal plane; the MI vortex
center and border are identified by the white
diamond symbol and the thick black line,
respectively (Re 5 32,000).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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methodology proposed determined correctly the vortex corre-
sponding to the MI. Once the vortex center and border are
known, any other characteristic such as the total MI vorticity, the
maximumMI vorticity, size, and so on, can be easily calculated.

As previously mentioned the second issue to be tackled was to
track the path of the MI vortex through the different frames. The
difficulty of this task was mainly due to the fact that the MI does
not precess around the vessel axis in a continuous way, but tends
to disappear after some time and reappear somewhere else in
proximity of the last position detected. It was, therefore, neces-
sary to put some conditions on the life of the vortex for each sin-
gle appearance interval, and track its path for each interval.24

The results obtained for Re ¼ 32,000 are reported in Figure 3
where the variation with time of the positions assumed by the MI
vortex is represented. As shown by the arrow next to the color-
bar, an increase of time corresponds to circles of hues varying

from blue to red. It should be noted that the time t elapsed from
the beginning of the experiment is nondimensionalized with a pe-
riod TMI ¼ 1/(0.02N), where, in agreement with previous finding
(see for example15), the MI is assumed to precess around the ves-
sel axis with a frequency f¼ 0.02N.

Despite the zig-zag path followed by the MI and the difficulty
in determining the position of MI for each single frame (that is,
some circles corresponding to certain hues are missing), it is evi-
dent from Figure 3a that the MI precesses around the vessel axis.
From Figure 3b the actual precessional frequency of the MI f, for
this case can be estimated from the slope of the straight line fitted
through the different angular positions. It can be readily shown
that the actual precessional frequency of the MI is f/(N) ¼ (3138/
3608) 0.02¼ 0.0174, which is very close to the value of 0.02 pre-
viously cited. Similar small discrepancies can be found when
comparing data present in literature, see for example the fre-

Figure 3. Instantaneous variation of the angular posi-
tion assumed by the MI vortex with time dur-
ing a single vortex revolution around the
shaft for Re 5 32,000; (a) plan view showing
successive radial positions of the vortex cen-
ter; and (b) variation of circumferential coor-
dinate, h, of the vortex center with time.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 4. Instantaneous variation of the angular posi-
tion assumed by the MI vortex with time dur-
ing a single vortex revolution around the
shaft for Re 5 3200; (a) plan view showing
successive radial positions of the vortex cen-
ter and (b) variation of circumferential coor-
dinate, h, of the vortex center with time.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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quency obtained by6,15, and7. Differences in the f values reported
in earlier works have been attributed primarily to the difficulties
of determining precisely low-frequencies with spectral analysis
methods. In addition, the present f data correspond to a single MI
cycle, whereas in earlier works averages over many cycles were
obtained. In future works the likelihood of f variations over many
cycles will be ascertained, but near identical fs were found from
the various repeats of the present experiments over single MI
cycles.

Similar results corresponding to Re ¼ 3,200 are shown in Fig-
ure 4. In this case the precession of the MI around the vessel axis
is also clear. However, the actual MI frequency (0.13 N) is
slightly higher than the one obtained in previous studies for low
Re’s (that is, 0.106 N). From a qualitative comparison between
the data (z/T ¼ 0.15) shown in Figure 3a and Figure 4a, it is pos-
sible to conclude that for higher Re the MI tends to spend more
time in radial positions further away from the vessel axis than it
does for lower Re values.

As already discussed in the introduction sec 1, the motivation
behind this work is to improve large-scale mixing efficiency by
providing guidance for an optimal position of the feeding pipe
in order to fully exploit the suction present in the MI vortex
core. In this respect, an estimate of the pressure drop present in
the MI vortex might be relevant to calibrate a pressure trans-
ducer that could be used to activate the feeding pipe. From this
point of view Dp can be estimated from the double integral of

the l eigenvalues li ¼ � 1
r
q2p
qx*i

2

� �
along the associated eigen-

vector directions, xi*. The pressure drops associated to the MI

vortex shown in Figure 2 were 20–25 Pa (that is, Dp/(0.5rVtip
2)

¼ 0.038–0.048). Taking into account the different turbine
employed by12, the estimated pressure drop compares reason-
ably well with the one they measured directly with a pressure
transducer that was fixed to the vessel wall (Dp ¼ 10 Pa; Dp/
(0.5rVtip

2) ¼ 0.023). From this point of view it should be noted
that with a pressure drop of 25 Pa the fluid entrained in the vor-
tex is accelerated along the vortex axis (that is, in the axial
direction) to a velocity of around 0.25 Vtip, which is 2.5 times
higher than the local axial mean velocity Uz (&0.1 Vtip at z/T
¼ 0.25, r/T ¼ 0.13).

MI vortex axis

The variations of the ensemble averaged radial coordinate r/D,
of the vortex center, and of its nondimensional diameter, 2�r=D,
with the different axial locations examined are shown in Fig-
ures 5 and 6 for Re ¼ 32,000 and Re ¼ 3,200, respectively.
Considering the righthand side (RHS) of Figure 5 it is possible
to see that the MI vortex axis is almost vertical in the z � r
plane. However, the large standard deviation of the vortex cen-
ters, evident from the probability density distributions shown
in the inset diagrams, gives a clear indication of the compara-
tively large area underneath the impeller that is swept by the
MI vortex during its precession around the vessel axis. Maxi-
mum and minimum radial coordinates r/D, of 0.55 and 0.05 are
almost equally likely to happen (although far less likely than
locations nearer the vortex axis) for all the axial planes investi-
gated. In this respect it is worth to point out that almost all the

Figure 5. Projection of the MI axis on the r � z plane
for Re 5 32,000; Inset diagrams on the RHS:
probability density function of the radial
coordinate of the vortex center, r/D, for dif-
ferent axial positions; inset diagrams on the
LHS: ensemble averaged vortex diameter
2r=D, for different axial positions.

Figure 6. Projection of the MI axis on the r 2 z plane
for Re 5 3,200; inset diagrams on the RHS:
probability density function of the radial
coordinate of the vortex center, r/D, for dif-
ferent axial positions; inset diagrams on the
LHS: ensemble averaged vortex diameter
2r=D, for different axial positions.
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pdf’s are negatively skewed, indicating that the center of the
vortex is spending more time in radial coordinates in the mid-
upper range of the pdf, with fewer occurrences in the lower
end range of the radial positions shown. The ensemble aver-
aged variation of the MI dia. 2�r, shown in the lefthand side
(LHS) of Figure 5 is almost constant for all the axial positions
examined and approximately equal to 0.2 D.

The interpolation of the MI vortex axis from the ensemble
averaged estimates of the vortex centers at different axial posi-
tions z/D is shown in Figure 6 for Re ¼ 3,200. The shape of the
axis is complex with the axis radius decreasing nonlinearly with
decreasing z/D. This shape however reflects the characteristics of
the bulk flow field of the bottom part of the vessel that is dis-
cussed later in this section. Contrary to the data shown for Re ¼
32,000, in this case the vortex center pdf’s shown in the inset dia-
grams in the RHS of Figure 6 are positively skewed, with a
higher probability of the vortex center being in the low-mid range
of the distribution, and with fewer occurrences in the upper end
range. Similarly to the radial coordinate of the center, r/D, the ra-

dius of the MI vortex also changes considerably for the different
axial positions investigated. Considering the LHS of Figure 6 it
is possible to see that the vortex almost doubles in size as z/D
varies from 1.3 to 0.45 with �r=D ¼ 0:1 and �r=D ¼ 0:175,
respectively.

The ensemble averaged characteristics of the mean velocity
flow field in stirred vessels have been extensively studied in liter-
ature, and the present PIV data obtained in the bulk flow region
underneath the impeller confirm the double circulation loops
present above and below the impeller already outlined in the
works of2,28,29,30, to mention but a few. Considering Figures 7a
and b relative to the axial positions z/D ¼ 1.3 and z/D ¼ 0.45,
respectively, for Re ¼ 32,000, the expected flow pattern is evi-
dent with outwards radial flow for the higher-plane considered,
corresponding to the upper part of the bottom circulation loop,
and inwards radial flow for the lower one, corresponding to the
lower part of the bottom circulation loop. To improve the read-
ability of Figures 7a and b, only a limited number of vectors
have been plotted with a distance between two adjacent vectors
being three times longer than the side of the interrogation cell. It
should be stressed that the vector scaling factor in Figures 7 and
8 is different to that in Figure 2. It is worth noting that in both fig-
ures the intensity of the tangential velocity is significantly smaller
than the radial one.

The plot of the mean velocity flow field (z/D ¼ 1.3) for the
lower flow regime, Re ¼ 3,200, investigated is shown in Figure
8. A comparison with the plots already discussed for the higher
Re investigated, indicates an evident change in flow pattern with
a large area centered around the vessel axis, that is dominated by
the tangential velocity component. This behavior was evident in
all axial locations investigated with the region of solid body rota-
tion gradually decreasing in size with decreasing z/D. From Fig-
ure 8 it emerges that this region of solid body rotation is the driv-
ing mechanism that determines the MI vortex precession veloc-
ity.

From a physical point of view the difference in flow patterns
for the two Re investigated can be explained by considering that
for the lower Re the solid body rotation region is determined by

Figure 7. Velocity vectors and vorticity contour plots of
the ensemble averaged flow field for different
horizontal planes, z/D (Re 5 32,000): (a) z/D
5 1.3 and (b) z/D 5 0.45.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 8. Velocity vectors and vorticity contour plots of
the ensemble averaged flow field for z/D 5
1.3 (Re 5 3,200).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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the viscous stresses, due to the rotation of the impeller disc and
blades, acting on the fluid below the impeller. When Re is
increased to 32,000 the inertial forces due to the impeller jet are
dominant, resulting in a lower and upper circulation loops that
extend closer to the vessel axis (r/T¼ 0).

The change of the mean flow pattern inevitably affects the pre-
cession of the MI vortex, and could be the reason for the differ-
ence in precessing frequency f 0 found for the ranges of Re
¶ 6,300 and Re ˜ 13,6007. Taking into account the radial posi-
tion r, assumed by the center of the vortex for each axial plane
investigated, it was possible to determine the parameter Uy/2prN
which can provide an estimate of f/N (that is, Uy/2prN ¼ or/
(2prN) & 2fp/(2pN) where o is the angular speed of the solid-
body rotation). The average of the four estimates of f/N were
equal to 0.16 and 0.022 for Re ¼ 3,200 and Re ¼ 32,000, respec-
tively. Despite the higher estimation of f/N for the low Re case
(from a frequency spectrum analysis f/N should be closer to
0.106), this analysis confirms the findings of 7 and can provide a
reasonable explanation of the order of magnitude difference
between the characteristic precessional frequencies in the lower
and upper ranges of Re.

The 2-point LDA experiment data were processed with the
conditional sampling method previously implemented by.31 This
methodology exploits the cyclical nature of the flow due to the
precession of the MI vortex, and consists of a phase resolved
analysis of the velocity signal of the two LDA probes, where the
phase angle fMI, defined in Eq. 1, accounts for the extent of revo-
lution of the MI around the vessel axis

fMIi ¼ ðti=TMIÞ � 360� (1)

In Eq 1 ti and TMI are the arrival time of the ith sample, and the
period taken by the MI to precess around the vessel axis, respec-
tively. It should be noted that in the rest of the discussion a value
of 1/(0.02N) and 1/(0.1N) was given to the period TMI for Re ¼
32,000 and Re ¼ 3,200, respectively. Once the angle fMI is esti-
mated for all the particles that crossed the two control volumes at
different times, it is possible to determine the variation of the cor-

relation coefficient Ryy(DfMI) with phase lag DfMI between the
velocity records obtained at two different axial positions Dz. The
definition of the correlation coefficient Ryy(DfMI) is shown in
Eq. 2

RyyðDz;DfMIÞ ¼
uyðz0;fMI0Þuyðz0 þ Dz;fMI0 þ DfMIÞ
u0yðz0;fMI0Þu0yðz0 þ Dz;fMI0 þ DfMIÞ

(2)

where the average is made only between the velocities of those
particles that crossed the two control volumes with a phase lag
DfMI. The phase lag, DfMI, is defined as the difference
between the angle fMIDz of the adjustable probe, and the angle
fMI0

of the fixed one (that is, DfMI ¼ fMIDz
� fMI0

).
The variations of the correlation coefficient Ryy(DfMI) with

phase lag DfMI for the axial positions z/T assumed by the adjust-
able probe below and above the impeller are shown in Figures 9
and 10, respectively. Both figures refer to Re ¼ 32,000. As
expected, the correlation coefficient exhibits a maximum for
DfMI ¼ 0 and Dz ¼ 0, when the two probes are aligned in the
same point of coordinate z/T¼ 0.31 (see Figure 9). As the adjust-
able probe is moved away from the fixed one, the maximum of
the correlation coefficient gradually decreases with values around
0.6 and 0.4 for z/T ¼ 0.375 and z/T¼ 0.4375, respectively. How-
ever, the maximum position of Ryy does not vary (that is, DfMI

¼ 0) with increasing axial coordinate of the adjustable probe,
implying that the MI vortex influences in the same way, at the
same time, the flow pattern at two different axial locations. This
leads to the conclusion that the MI axis is vertical throughout its
precession and parallel to the line joining the different axial posi-
tions investigated.

The variation of Ryy with DfMI for axial positions of the ad-
justable probe above the impeller is shown in Figure 10. As al-
ready pointed out by31 the maximum of Ryy is located at an angle
DfMI & 61808 implying that the MI vortices present above and
below the impeller are radially positioned opposite to each other
during their precession around the axis (see also the sketch in
Figure 1). Similarly to the comments already made for the mea-

Figure 9. Variation of the correlation coefficient Rhh

with phase-lag angle D/MI for three different
axial positions of the adjustable probe below
the impeller (Re 5 32,000); l: z/T 5 0.437;
": z/T 5 0.375; &: z/T 5 0.312.

Figure 10. Variation of the correlation coefficient Rhh

with phase-lag angle D/MI for three differ-
ent axial positions of the adjustable probe
above the impeller (Re 5 32,000); l: z/T 5
0.687; ": z/T 5 0.625; &: z/T 5 0.562.
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surements taken in the lower part of the vessel, also in this case
the phase lag DfMI associated to the maximum of Ryy does not
change for the different axial positions examined, leading to the
conclusion that the axis of the MI vortex above the impeller is
also vertical.

The variations of the correlation coefficient Ryy(DfMI) with
phase lag DfMI for the axial positions z/T assumed by the adjusta-
ble probe below and above the impeller for Re ¼ 3,200 are shown
in Figures 11 and 12, respectively. Considering Figure 11, it is pos-
sible to see again that the correlation coefficient maximum
decreases with increasing z/T, with values around 1 and 0.3 for
positions of the adjustable probe of z/T¼ 0.315, and z/T¼ 0.4375,
respectively. In this case however, the DfMI associated to the max-
imum correlation coefficient is different for different z/T, with
higher positive values of DfMI for increasing z/T. This characteris-
tic indicates that the MI axis is inclined in the y � z plane. Consid-
ering the definition of DfMI, positive values of the phase lag, asso-
ciated with a maximum Ryy, indicate that MI vortex exhibits some
delay at the axial positions of z/T¼ 0.375–0.437, where the adjust-
able probe was alternatively located, in comparison to the position
z/T ¼ 0.315 where the fixed probe was located. This leads to the
conclusion that the MI vortex is precessing with axial locations
further away from the impeller experiencing its passage in advance
of locations nearer the impeller. The inclination of the MI vortex
can be estimated by using Eq. (3),

a ¼ tan�1 rDfMI

Dz

� �
(3)

where r is the radial coordinate of the two probes (that is, r/T
& 0.08). In Eq. (3) a is the angle between the z axis, and the
MI axis. Taking into account that DfMI ¼ 238 for z/T ¼ 0.4375
the inclination of the MI vortex in the y � z plane was found to
be a ¼ 14.48.

It is interesting that although Figure 11 indicates a 148 inclina-
tion of the MI vortex axis below the impeller, there is no correla-
tion with the corresponding locations above z/T ¼ 0.5 in Figure
12. The reason for this is thought to be the interference and even-
tual MI vortex disruption caused by the impeller shaft. In this

respect an indication of the MI vortex axis and shape above the
impeller centerline, can be obtained by reflecting with respect to
the impeller centerline the data (vortex center and diameter)
shown in the LHS of Figure 6. In such a case the upper part of
the vortex axis (closer to the surface) would be located at r/D
around 0.15, that is, very close to the shaft, while in this region
the MI radius would encompass the shaft. This implies that the
shaft interacts with the vortex for z/T ˜ 0.5, leading to more
complex phenomena in such locations, and making the identifica-
tion of the vortex axis ambiguous. This is indeed thought to be
the reason why15, who deduced the vortex axis location, and
number of vortices present from visual observation alone, dis-
cerned more than one vortex to be present. Interaction of the MI
vortex with the shaft in their case might well have resulted in the
appearance of multiple vortices on the liquid surface.

In-vortex tracer insertion and effect on mixing time

Figure 13 shows two different types of mixing time transients
one with overshoot, which was found to be consistently present
when the insertion was made outside of the vortex core, and a
second one without, which was generally (for 80% of the cases)
associated to an insertion inside the vortex core. In this respect it
should be noted that in both cases (that is, inside and outside of
the vortex) the insertion was always made in a region upstream
of the conductivity probe, and, therefore, a transient with over-
shoot is justified by the significant change in tracer concentration
taking place in the region of the conductivity probe a few sec-
onds after the insertion. The transient associated to an insertion
inside the MI vortex may be due to the tracer being entrained
more rapidly and uniformily through its suction to the impeller
region. This behavior was clearly visible (as a more opaque
tracer cloud) during the insertion when the tracer’s dispersion
was not as immediate as in the case of an outside vortex inser-
tion. This type of in-vortex transient may be desirable in mixing
with chemical reactions, where locally large fluctuations of a
reactant volume can lead to unwanted side reactions and by
products.

Figure 11. Variation of the correlation coefficient Rhh

with phase-lag angle D/MI for three differ-
ent axial positions of the adjustable probe
below the impeller (Re 5 32,00); l: z/T 5
0.437; ": z/T 5 0.375; &: z/T 5 0.312.

Figure 12. Variation of the correlation coefficient Rhh

with phase-lag angle D/MI for three differ-
ent axial positions of the adjustable probe
above the impeller (Re ¼ 32,00); l: z/T ¼
0.687; ": z/T ¼ 0.625; &: z/T ¼ 0.562.
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The definition of mixing time, y employed by32, and calcu-
lated according to the average shown in4 was used

y ¼
X13
i¼1

xi
13

(4)

where xi are the mixing times for degree of mixing varying
from 92% to 98% at intervals of 0.5%. Considering the water
height H/T ¼ 0.75, preferred in this stage of the work to bet-
ter visualize the vortex and given the difficulties encountered
in identifying in the literature a reference value for the mix-
ing time of the system employed, a first estimate of the mix-
ing time was obtained by using Eq (5) reported in33:

y95 ¼ 5:2
T1:5H0:5

P
1=3
0 ND2

(5)

where y95 is the mixing time required to achieve a 95%
degree of homogeneity, and P0 is the power number. Given
the generality of the formula of Eq. (5), which is applicable
to very different systems (for example, different impellers,
geometries, Re, and so on), the estimated mixing time,
approximately 21 s, is not too different from the averaged
one, around 17 s, directly found from all the experiments
made, with insertion both inside and outside the vortex core,
in this study.

A comparison between the average, �y, and standard deviation,
y0, of the mixing time estimated from samples associated to an

insertion inside and/or outside of the MI vortex is reported in
Table 1. As the tabulated data shows, tracer insertion outside
the vortex results in mixing times that are around 20% higher
than those measured when the tracer is inserted inside the vor-
tex. Similar differences should be expected regardless of the
mixing time definition employed (for example, y99 or y95), as
the characteristic mixing curves encountered for the two types
of insertion shown in Figure 13 clearly indicate that mixing is
achieved faster and the transient exhibits no overshoot for in
vortex insertion.

The pdf’s with associated Gaussian curves for the inside and
outside the vortex insertions are shown in Figure 14. The differ-
ence in mean and standard deviation is evident with a narrower
Gaussian distribution associated with outside vortex insertions that
are clearly related to a better repeatability of this type of insertion.
From this point of view, it must be emphasized that in-vortex
insertion in the present work was achieved through visual observa-
tion of the vortex passage on the liquid surface past the tracer feed
tube, and this might have resulted in some of these insertions being
made very close to but not strictly within the vortex. This may be
the reason for at least some of the higher mixing time values
recorded for the in vortex case in Figure 14. It is not unreasonable
to expect that with a more accurate means of insertion synchroni-
zation with the vortex passage (for example, by employing a pres-
sure transducer in the manner of12 and a multihole insertion tube
of larger area), the mixing-time distributions should be more akin
to the dashed lines shown in Figure 14. If this is indeed the case,
then the average mixing time would be reduced from around 18 to
around 14 s, or by approximately 30%.

Finally a t-test was carried out between the two groups of data
(that is, associated to an insertion inside or outside of the vortex)
to assess whether they are statistically different from each other.
The t-test was implemented by applying Eq. 6 (see for example34)

t ¼
�yout � �yinffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y02in
Nsin

þ y02out
Nsout

r (6)

where the suffices in and out refer to characteristics associated
to an insertion inside and outside of the vortex. The value of

Figure 13. Typical variation of the mixing transients
for different modes of insertion: Mode 1,
typical for insertions inside the MI vortex;
Mode 2, typical for insertions outside of the
MI vortex.

Table 1. Comparison of the Mean and Standard Deviation
of the Mixing Time h, Estimated from the Total Number of
Samples Ns, and only from Selected Samples Associated to

an Insertion Inside and/or Outside of the MI Vortex

Insertion

Tot in Out

�y [s] 16.9 15.3 18.2

y0 [s] 3.1 2.4 1.7
Ns [�] 103 59 44

Figure 14. Probability distributions of mixing time
measurements; light gray: insertion inside
the MI vortex; dark gray: insertion outside
MI vortex.
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t (5.32) determined from Eq. 6 is higher than the tabulated
value of 1.98 reported by34 for a Student t distribution, indicat-
ing that the groups are statistically different with a 95% level
of confidence.

Conclusions and Implications for
Mixing Practice

The present investigation has provided results of both funda-
mental and applied significance. The combination of the PIV and
LDA optical techniques has provided, hitherto, unavailable infor-
mation on the structure, location, extent and strength of the MI
vortices in stirred vessels for both low and high Re flows. Impor-
tantly, these findings complement the work of15 as they have not
only confirmed that one reason for the different f 0 values exhib-
ited in the two Re cases is indeed the difference in the radius of
the vortex axis, but have also shown that another reason is the
difference in flow structure and not the number of MI vortices
present in the low-Re case.

The knowledge of the vortex path obtained has guided the
location of the tracer insertion for mixing time measurements
that indicated considerable (20% and possibly 30%) reduction in
mixing time, and, consequently, a similar decrease in the power
consumed for a mixing task. Future work will aim to utilize the
knowledge of average vortex size and vortex axis location ob-
tained in this work, in conjunction with a pressure transducer to
trigger tracer insertion in synchronization with the vortex passage
in a particular radial plane and a multihole insertion tube to
achieve in vortex insertion more consistently. An immediate esti-
mate of the efficiency of such a system can be made by consider-
ing the pdf’s shown in Figure 5 where a multihole insertion tube
with a diameter of around 0.2 D located at a radius of 0.33 D
would increase the probability of a correct in vortex insertion of
a second phase to 65–70% of vortex occurrences. This proposed
approach should be readily transferable to industrial mixing ves-
sels to achieve mixing enhancement in practical mixing systems.

The work reported here has indicated the advances in process
design and efficiency that might be achieved through an im-
proved understanding of the fundamentals of the fluid mechanics
of stirred vessels, and bodes well for the further optimization of
mixing processes.

Notation

Abbreviation

LDA ¼ laser doppler anemometer
LES ¼ large eddy simulation
LHS ¼ lefthand side
MI ¼ macroinstability
PIV ¼ particle-image velocimeter
RHS ¼ right hand side

Greek letters

a ¼ inclination of the vortex in the z� y plane, 8
Dz ¼ displacement in the z direction, m

DfMI ¼ phase lag, 8
y ¼ mixing time of a singular insertion, s
y ¼ tangential coordinate,
�y ¼ average mixing time of Ns insertions, s
l ¼ generic eigenvalue of the tensor S2 þ O2, s�2.
l2 ¼ second highest eigenvalue of the tensor S2 þ O2, s�2

r ¼ instantaneous MI vortex radius, m
�r ¼ ensemble averaged vortex MI radius, m

fMI ¼ phase angle accounting for the extent of precession of the MI
vortex, 8

O ¼ rotation rate tensor, s�1

o ¼ angular velocity of the solid body rotation region, rad s�1

oz ¼ vorticity in the axial direction, s�1

�oz ¼ ensemble averaged vorticity in the axial direction, s�1

Roman symbols

C ¼ Impeller clearance, m
Cxi

¼ coordinate in the xi direction of the vortex center, m
D ¼ impeller diameter, m
f ¼ precessional frequency of the MI vortex, s�1

f 0 ¼ precessional frequency of the MI vortex non-dimensionalized by N
H ¼ water height, m
Ns ¼ number of samples
Po ¼ power number
p ¼ pressure, Kg s�2m�1

r ¼ radial coordinate, m
Re ¼ Reynolds number
Ryy ¼ correlation of the velocity component in the y direction
S ¼ deformation rate tensor, s�1

T ¼ vessel diameter, m
TMI ¼ period of precession of the MI vortex, s

t ¼ particle arrival time, s
Ui ¼ velocity in the ith direction, ms�1

vtip ¼ Velocity of the tip of the blade, ms�1

xi* ¼ ith eigenvector of the tensor S
2 þ O2, s�2, m

z ¼ axial coordinate, m
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